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For a G-graded ring R , the problem of Gr-regularity (i.e. von
Neumann regularity condition on homogeneous elements) has
been treated earlier (see Na˘sta˘sescu and Van Oystaeyen, 1982
[11]). Once the concept of the smash product was introduced,
this problem has been resumed by several authors. This paper is
concerned with von Neumann regularity of two smash products:
the smash product R # G of the G-graded ring R by the group
G and the smash product R # A of R by a ﬁnite left G-set A. The
connections between the regularity of R # A and the (Gr-)regularity
of R are also investigated. One consequence of our results is that
the smash product R # A is a von Neumann regular ring if and only
if the category (G, A, R)-gr is regular, in Stenström’s sense.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Von Neumann regular rings play a fundamental role in ring theory, see [7]. On the other hand,
the concept of smash product has been proved to be an extremely useful tool in the theory of graded
rings. Thus it is natural to study von Neumann regularity of the smash product of a graded ring. There
are many constructions of smash products in graded ring theory or, more generally, for Hopf algebras.
When we work with a ring graded by a ﬁnite group, the smash product provides a large quantity of
information about the ring. In this paper we use two kinds of smash products: the smash product
R # G of the G-graded ring R by the group G and the smash product R # A of R by a ﬁnite left
G-set A. The ﬁrst one is useful in the study of the category R-gr of graded left R-modules (in fact,
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and is closed under direct sums, submodules and factor modules, a concept introduced by Wisbauer
in [15]). For the second smash product, R # A, the category (G, A, R)-gr of graded left R-modules of
type A is isomorphic with R # A-mod. We limited our study to these two smash products because
their characterization is very ﬁne (we can work on elements) and the ’duality’ has a decisive impact
(see Theorem 4.15 and Theorem 4.16).
We have to mention that the smash product R # A is a particular case of a more general con-
struction. If H is a Hopf algebra, R an H-comodule algebra and C an H-module coalgebra, then we
may consider the category CRM(H) of Doi-Koppinen Hopf modules (i.e. left R-modules and left C-
comodules which satisfy certain compatibility relations). The smash product R # A considered in this
paper is a particular smash product and it is the ﬁrst example in the category CRM(H) (in the case
where H is the groupring k[G], R a G-graded ring and C the grouplike coalgebra k[A] on a G-set A).
More details can be found in [2].
In the paper [9], Lomp studies, among other things, von Neumann regularity of the smash product
A # H , where H is a k-aﬃne Hopf algebra (i.e. the Hopf algebra H is ﬁnitely generated as k-algebra)
acting on an algebra A. In general, the Lomp’s results are of categorical type. In our paper k[G], where
G is an arbitrary group, coacts on the ring R . Excluding the last part, we work with elements.
The aim of this paper is to study the von Neumann regularity of these two smash products, the
connections between them and the (Gr-)regularity of the ring R . We begin with some properties of
the category ﬁn G-set of ﬁnite left G-sets, where G is an arbitrary group. In Section 3, by means of
the contravariant functor R # · we pass from the category ﬁn G-set to the category G-RING, that is the
category of G-graded rings.
The main results of this paper appear in Section 4, where we examine the von Neumann regularity
of the smash product R # A of the G-graded ring R with a ﬁnite left G-set A. Theorem 4.7 gives us
useful equivalent conditions for the regularity of R # A, including a characterization with relative
regular modules. In Theorem 4.12 we establish a link between the regularity of the smash product
and the (Gr-)regularity of the graded ring R .
In the paper [14] Stenstrom deﬁned the concept of regular category as a locally ﬁnitely generated
Grothendieck category for which all objects are ﬂat. In the last section we are concerned with the
regularity of the category (G, A, R)-gr of all graded left R-modules of type A, where A is a ﬁnite left
G-set. If R is a G-graded ring and A is a ﬁnite left G-set, then Corollary 5.5 states that R # A is a
regular ring if and only if the category (G, A, R)-gr is regular.
2. The category ﬁn G-set
Let G be an arbitrary group with identity e. We recall that a non-empty set A is called left G-set
if there exists a left action of G on A given by G × A → A, (σ , x) → σ x such that ex = x for all x ∈ A
and (στ )x = σ(τ x) for all σ ,τ ∈ G , x ∈ A. If A and A′ are two G-sets and f : A −→ A′ is a map such
that f (σ x) = σ f (x), for all σ ∈ G , x ∈ A, then f is called a morphism of G-sets. If such a function f
is bijective, we call f an isomorphism of G-sets. In this case, A and A′ are isomorphic G-sets and we
denote A G A′ .
Let us denote by ﬁn G-set the category obtained by taking ﬁnite left G-sets for the objects and the
morphisms of G-sets for the morphisms.
Example 2.1. Let G be a ﬁnite group and H a subgroup of G . Then the set of left cosets G/H =
{σ H/σ ∈ G} with the G-action given by τ (σ H) = τσ H , for all τ ,σ ∈ G , is a ﬁnite left G-set. In
particular, if H = {e}, then G is a left G-set. Moreover, the canonical projection p : G −→ G/H is a
morphism of G-sets.
Note that the category ﬁn G-set has ﬁnite direct products and ﬁnite direct sums. Indeed, it is
suﬃciently to deﬁne the direct product, resp. the direct sum, of two objects A and B of the cate-
gory ﬁn G-set. The cartesian product A × B has a left G-set structure if we consider the left action
G × (A × B) → (A × B), σ(a,b) = (σa, σb). Then A × B with the canonical projections is a direct
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G-set structure, together with the canonical embeddings, is a direct sum.
We recall that an object I , resp. F , of an arbitrary category C such that HomC(I, A), resp.
HomC(A, F ), is a singleton for every A ∈ C , is called an initial, resp. ﬁnal, object of C . The category
ﬁn G-set has ﬁnal objects, but no initial objects. Indeed, let F = {z} be a singleton set and deﬁne the
action G × F → F , σ z = z, for all σ ∈ G . Then F is a G-set and Homﬁn G-set(A, F ) is a singleton for
every A ∈ ﬁn G-set. Hence F is a ﬁnal object of ﬁn G-set. We will prove that ﬁn G-set has no initial
objects, in general. Consider the group G = {e}. In this case, ﬁn G-set is the category of non-empty
ﬁnite sets and, obviously, this category has no initial objects.
Proposition 2.2. A morphism in the category ﬁn G-set is a monomorphism (resp. epimorphism) if and only if
it is injective (resp. surjective).
Proof. The “if” part is obvious.
For the “only if” part we consider a monomorphism f : A → B in the category ﬁn G-set. Let us
suppose that f is not injective. Then there exist x, y ∈ A, x 	= y such that f (x) = f (y).
Denote C = {(u, v) ∈ A× A/ f (u) = f (v)}. Obviously, C is a non-empty set and, moreover, it is a G-
subset of A × A, where A × A is the G-set deﬁned above. If we consider the following G-morphisms:
C
i
A × A
p2
p1
A
f
B
A
f
B
where i is the inclusion morphism and p1, p2 are the canonical projections, then f ◦ (p1 ◦ i) =
f ◦ (p2 ◦ i). Since f is a monomorphism, it follows that p1 ◦ i = p2 ◦ i, and therefore x = (p1 ◦ i)(x, y) =
(p2 ◦ i)(x, y) = y, a contradiction. Hence the monomorphism f is injective.
We now consider an epimorphism g : A → B in the category ﬁn G-set. Let us suppose that g is
not surjective. Then Im(g)  B . If we denote D = Im(g), then D and B − D are G-subsets of B and
B = D unionmulti (B − D).
Let F = {z} be a ﬁnal object in the category ﬁn G-set. Then there exists an unique morphism
ϕ ∈ Homﬁn G-set(B − D, F ). If i : D ↪→ B is the canonical inclusion, then we obtain the following G-
morphisms:
A
g
B
iunionmultiϕ
B unionmulti F
A
g
B
j
where i unionmultiϕ is the direct sum of the morphisms i and ϕ and j : B ↪→ B unionmulti F is the canonical inclusion.
It is easy to check that j ◦ g = (i unionmulti ϕ) ◦ g . Since g is an epimorphism, it follows that j = i unionmulti ϕ . We
consider an element x ∈ B − D . Then x = j(x) = (i unionmulti ϕ)(x) = z, a contradiction. Hence our assumption
was false and thus g is surjective. 
Let x, y ∈ A. We say that x and y are equivalent elements and we denote x ∼ y if there exists
an element σ ∈ G such that σ x = y. It is easy to prove that ∼ is an equivalence relation on A.
The equivalence classes are known as G-orbits, the orbit containing the element x being of course
Ox = Gx = {σ x/σ ∈ G}. Obviously, if (O i)i∈I are the G-orbits, then A =⊎i∈I O i . An orbit with just
one element is called trivial orbit. Hence Gx is a trivial orbit if and only if Gx = {x}. We denote by
FixG(A) the union of all trivial orbits: FixG(A) = {x ∈ A/Gx = {x}}.
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Gx is a subgroup of G . If Gx = {1} for all x ∈ A then A is said to be a free G-set. If Gx = A for some
x ∈ A, then G acts transitively on A and we then say that A is a transitive G-set. When A is a transitive
G-set, then for any x, y ∈ A there is an element σ ∈ G such that y = σ x. Obviously, A is a transitive
G-set if and only if the action of G on A has only one orbit. Therefore, A is a transitive G-set if and
only if there exists a subgroup H of G such that A G G/H . It is clear now that every G-set A is
isomorphic with a direct sum of G-sets of the form G/H , for some subgroup H of G .
Lemma 2.3. If A is a free left G-set, then for any x, y ∈ A there exists at most one element σ ∈ G such that
σ x = y. Moreover, A is a free left G-set if and only if A =⊎i∈I Ai , where Ai G G, for all i ∈ I .
Proof. Let σ ,τ ∈ G such that σ x = y and τ x = y. It follows that σ x = τ x, so (τ−1σ)x = τ−1(σ x) =
τ−1(τ x) = (τ−1τ )x = 1x = x. Since A is a free left G-set, we obtain τ−1σ = 1, hence τ = σ . 
Remark 2.4. The class equation may be written in the form
|A| = ∣∣FixG(A)∣∣+ ∑
Gx non-trivial orbit
|Gx|
When G is a p-group and A is a ﬁnite left G-set such that (|A|, p) = 1, then FixG(A) is a non-empty
set.
3. The smash product functor
Let G be a multiplicative group with identity element e. A G-graded ring is a ring R with identity 1,
together with a direct sum decomposition R =⊕σ∈G Rσ into additive subgroups such that Rσ Rτ ⊆
Rστ for all σ ,τ ∈ G . For a G-graded ring R such that Rσ Rτ = Rστ for all σ ,τ ∈ G , we say that R is
strongly graded by G .
The elements of
⋃
σ∈G Rσ are called the homogeneous elements of R . We denote by h(R) the set of
all homogeneous elements of R . If R is a G-graded ring and X is a non-empty subset of G , we denote
RX =⊕x∈X Rx . In particular, if H is a subgroup of G , then RH =⊕h∈H Rh is a subring of R , which is
a H-graded ring.
We denote by G − R ING the category of G-graded rings, obtained by taking the G-graded rings
for the objects and for the morphisms between G-graded rings R and S we take the ring morphisms
ψ : R → S such that ψ(Rσ ) ⊆ Sσ for any σ ∈ G . We refer the reader to [13] for deﬁnitions and results
about graded rings.
Let R =⊕σ∈G Rσ be a G-graded ring and A a ﬁnite left G-set. We recall the construction of
the smash product R # A introduced in [10]. R # A is the free left R-module with basis {px/x ∈ A}
and with multiplication deﬁned by (rσ px)(sτ py) = (rσ sτ )py , if τ y = x and zero otherwise, for any
rσ ∈ Rσ , sτ ∈ Rτ , x, y ∈ A. This makes R # A into a ring with identity ∑x∈A px . Moreover, the ring R
can be embedded in the smash product R # A via the map η : R → R # A. It is important to remark
that R # A is a G-graded ring with its σ -homogeneous component (R # A)σ =∑x∈A Rσ px .
If ϕ : A → A′ is a morphism in the category ﬁn G-set, we deﬁne the map ϕ∗ : R # A′ → R # A by
ϕ∗(rσ px′ ) = rσ ∑ϕ(x)=x′ px (with the convention that the sum of an empty family is zero).
Proposition 3.1. Let ϕ : A → A′ be a morphism in the category ﬁn G-set. Then ϕ∗ is a morphism in the
category G-RING.
Proof. In [4, Proposition 2.1] it was proved that ϕ∗ is a ring morphism.
Consider an arbitrary element σ ∈ G . Since (R # A′)σ = ∑x′∈A′ Rσ px′ and ϕ∗(rσ px′ ) =
rσ
∑
ϕ(x)=x′ px ∈
∑
x∈A Rσ px ⊆ (R # A)σ , it follows that ϕ∗((R # A′)σ ) ⊆ (R # A)σ . Hence ϕ∗ is a mor-
phism in the category G-RING. 
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R # · : ﬁn G-set → G-RING
as follows: for each ﬁnite left G-set A we consider the G-graded ring R # A. If A, A′ ∈ ﬁn G-set and
ϕ ∈ Homﬁn G-set(A, A′), then we deﬁne R # ϕ = ϕ∗ , the morphism deﬁned above. Hence we obtain the
following
Corollary 3.2. R # · is a contravariant functor from ﬁn G-set to G-RING. Moreover, this functor has the follow-
ing properties:
(i) There exists a ring isomorphism R # (A × B)  (R # A) # B, for any ﬁnite left G-sets A, B. (Here R # A
has the graduation mentioned above.)
(ii) R # (A unionmulti B)  (R # A) × (R # B), for any ﬁnite left G-sets A, B.
Proof. The ﬁrst part is clear, by Proposition 3.1. For (i) and (ii) see [4, Proposition 2.5]. 
Corollary 3.3. If ϕ is surjective, resp. injective, then ϕ∗ is injective, resp. surjective.
Proof. Obvious, by [4, Corollary 2.4]. 
4. Von Neumann regularity of the smash product
Recall that a ring R is said to be von Neumann regular, if for any r ∈ R there exists s ∈ R such that
r = rsr. Similarly, a graded ring R is called Gr-regular if for every r ∈ h(R) there exists s ∈ h(R) such
that r = rsr. Obviously, if R is a von Neumann regular ring, then R is Gr-regular.
Let A be a G-set and let H be a subgroup of G . Then A is also a H-set. Thus, if R is a G-graded
ring, we may consider the smash product RH # A.
Lemma 4.1. Let G be a group, H a subgroup of G and R =⊕σ∈G Rσ a G-graded ring.
(i) If R is a von Neumann regular ring, then RH is a von Neumann regular ring.
(ii) If R is a Gr-regular ring, then RH is a Gr-regular ring.
Proof. (i) We consider a ∈ RH . Then there exists b ∈ R such that a = aba. The element b has the form
b = b′ +b′′ , where b′ ∈ RH and b′′ ∈⊕σ∈G−H Rσ . Then a = aba = ab′a+ab′′a and thus a−ab′a = ab′′a.
Writing a =∑h∈H ah , we obtain ab′′a =∑ h,h′∈H
σ∈G−H
ahbσah′ ∈∑ h,h′∈H
σ∈G−H
Rhσh′ . Since hσh′ ∈ G − H and
RH ∩ (⊕σ∈G−H Rσ ) = 0, it follows that ab′′a = 0. Hence a = ab′a and thus RH is a regular ring.
(ii) It is obvious. 
Proposition 4.2. Let G be a group, H a subgroup of G, A a ﬁnite left G-set and R =⊕σ∈G Rσ a G-graded
ring. Then the following assertions hold:
(i) If R # A is a von Neumann regular ring, then RH # A is a von Neumann regular ring.
(ii) If R # A is Gr-regular ring, then RH # A is Gr-regular ring.
Proof. Since RH # A = (R # A)H , by previous lemma it follows immediately our assertions. 
Let R be a G-graded ring and A a left G-set. By a graded left R-module of type A we understand a
left R-module M having an internal direct-sum decomposition M =⊕x∈A Mx as additive subgroups
such that Rσ Mx ⊆ Mσ x for all σ ∈ G and x ∈ A. We deﬁne the category (G, A, R)-gr of all graded
left R-modules of type A, where a morphism between two objects M and N in this category is a
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of modules graded by G-sets was started in [10].
Inspired by the deﬁnition of a relative regular object in an arbitrary category (see [3]), we can give
the following
Deﬁnition 4.3. Let M and U be two modules in the category (G, A, R)-gr. Then M is called U-regular
module if for any morphism f ∈ Hom(G,A,R)−gr(U ,M) there exists g ∈ Hom(G,A,R)-gr(M,U ) such that
f = f ◦ g ◦ f .
Remark 4.4. The previous deﬁnition shows that if M ∈ (G, A, R)-gr, then M is M-regular module if
and only if the endomorphism ring End(G,A,R)-gr(M) is a regular ring.
For each x ∈ A deﬁne the x-suspension R(x) of R to be the object of (G, A, R)-gr which is equal to
R as an R-module, but with graduation given by
R(x)y =
⊕
σ∈G
{Rσ /σ ∈ G, σ x = y}
for y ∈ A. When A is a left G-set, (R(x))x∈A is a family of ﬁnitely generated generators of the category
(G, A, R)-gr. Moreover, the object V =⊕x∈A R(x) is a projective generator of the category (G, A, R)-gr
(see [10]).
Consider x, y ∈ A two arbitrary elements. We denote
Gx,y = {σ ∈ G/σ x = y}.
Obviously, σ ∈ Gx,y if and only if σ−1 ∈ Gy,x . In particular, when x = y, we obtain Gx = {σ ∈ G/
σ x = x}, the stabilizer of the element x.
Lemma 4.5. The groups Hom(G,A,R)-gr(R(x), R(y)) and RGy,x are isomorphic.
Proof. We deﬁne
ϕ : Hom(G,A,R)-gr
(
R(x), R(y)
)−→ RGy,x , ϕ( f ) = f (1)
for every morphism f : R(x) → R(y) of the category (G, A, R)-gr. Since 1 ∈ R(x)x and f is a graded
morphism, then f (1) ∈ R(y)x = RGy,x and thus ϕ is well deﬁned. Obviously, ϕ is a group morphism.
On the other hand, if r ∈ RGy,x we deﬁne the R-module morphism fr : R(x) → R(y) by
fr(s) = sr. We show that fr is a graded morphism. If z ∈ A and s ∈ R(x)z , then sr ∈ R(x)z R(y)x =
(
⊕
σ∈G
σ x=z
Rσ )(
⊕
τ∈G
τ y=x
Rτ ) ⊆ ⊕ σ ,τ∈G
σ x=z,τ y=x
Rστ . But (στ )y = σ(τ y) = σ x = z, hence
sr ∈⊕ σ ,τ∈G
(στ )y=z
Rστ = R(y)z . It follows that fr ∈ Hom(G,A,R)-gr(R(x), R(y)). Thus we can deﬁne
ψ : RGy,x −→ Hom(G,A,R)-gr
(
R(x), R(y)
)
, ψ(r) = fr .
An easy check shows that ψ is a group morphism and ϕ◦ψ = idRGy,x , ψ ◦ϕ = idHom(G,A,R)-gr (R(x), R(y)).
Therefore, we have the following group isomorphism
Hom(G,A,R)-gr
(
R(x), R(y)
) RGy,x . 
Remark 4.6. Taking x = y in the previous lemma we obtain the following ring isomorphism
End(G,A,R)-gr
(
R(x)
) RGx .
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are equivalent:
(i) R # A is a regular ring;
(ii) R(x) is an R(y)-regular module for every x, y ∈ A;
(iii) For all x, y ∈ A and a ∈ RGx,y there exists b ∈ RGy,x such that a = aba.
Proof. (i) ⇒ (ii) Suppose that R # A is a regular ring. By [10, Theorem 2.14], the rings (R # A)opp
and End(G,A,R)-gr(V ) are isomorphic. It follows that End(G,A,R)-gr(V ) is a regular ring. Using now Re-
mark 4.4 we obtain that V is a V -regular module. Consider two arbitrary elements x, y ∈ A. Since
V =⊕z∈A R(z), then R(x) is an R(y)-regular module (see [3, Proposition 2.3]).
(ii) ⇒ (i) If R(x) is an R(y)-regular module for every x, y ∈ A, then by [3, Theorem 3.8], it follows
that V is an R(y)-regular module for every y ∈ A. Using now [3, Corollary 3.9] we obtain that V is
V -regular module and thus End(G,A,R)-gr(V ) is a regular ring. Finally, by [10, Theorem 2.14], we can
conclude that R # A is a regular ring.
(ii) ⇒ (iii) Let x, y ∈ A two arbitrary elements and a ∈ RGx,y . Consider f : R(y) → R(x),
f (s) = sa. Obviously f ∈ Hom(G,A,R)-gr(R(y), R(x)). Since R(x) is R(y)-regular, then there exists
g ∈ Hom(G,A,R)-gr(R(x), R(y)) such that f = f ◦ g ◦ f . Then if b = g(1) we obtain that b ∈ RGy,x and
a = aba.
(iii) ⇒ (ii) Let f ∈ Hom(G,A,R)-gr(R(y), R(x)). If we denote a = f (1), then a ∈ R(x)y = RGx,y . Ac-
cording to the hypothesis, there exists b ∈ RGy,x such that a = aba. Deﬁne g : R(x) → R(y), g(r) = rb.
It is easy to check that g ∈ Hom(G,A,R)-gr(R(x), R(y)) and f = f ◦ g ◦ f . Hence R(x) is an R(y)-regular
module. 
Corollary 4.8. Let R =⊕σ∈G Rσ be a G-graded ring and A a ﬁnite left G-set. If R is a von Neumann regular
ring, then R # A is a von Neumann regular ring.
Proof. Let x, y ∈ A be two arbitrary elements. Consider a ∈ RGx,y . Since R is a von Neumann regular
ring, then there exists an element b ∈ R such that a = aba. Writing b = b′ + b′′ , with b′ ∈ RGy,x and
b′′ ∈ RG−Gy,x , it follows that
a = ab′a + ab′′a. (1)
But ab′a =∑ σ ,σ ′∈Gx,y
τ∈Gy,x
aσ bτaσ ′ ∈∑ σ ,σ ′∈Gx,y
τ∈Gy,x
Rσ Rτ Rσ ′ ⊆∑ σ ,σ ′∈Gx,y
τ∈Gy,x
Rστσ ′ . When σ ,σ ′ ∈ Gx,y and
τ ∈ Gy,x , we have (στσ ′)x = στ y = σ x = y and therefore στσ ′ ∈ Gx,y . Hence ab′a ∈ RGx,y .
On the other hand, ab′′a =∑σ ,σ ′∈Gx,y
τ∈G−Gy,x
aσ bτaσ ′ ∈∑ σ ,σ ′∈Gx,y
τ∈G−Gy,x
Rσ Rτ Rσ ′ ⊆∑ σ ,σ ′∈Gx,y
τ∈G−Gy,x
Rστσ ′ . Con-
sider σ ,σ ′ ∈ Gx,y and τ ∈ G − Gy,x . Let us suppose that στσ ′ ∈ Gx,y . Then y = (στσ ′)x = στ y and
thus τ y = σ−1 y = x. We obtain τ ∈ Gy,x , a contradiction. Hence στσ ′ ∈ G − Gx,y . It follows that
ab′′a ∈ RG−Gx,y .
Since RGx,y ∩ RG−Gx,y = 0, by relation (1) we obtain ab′′a = 0 and hence a = ab′a. Using now the
implication (iii) ⇒ (i) of Theorem 4.7 we can conclude that R # A is a von Neumann regular ring. 
Corollary 4.9. Let R =⊕σ∈G Rσ be a G-graded ring and A a ﬁnite left G-set. If R # A is a von Neumann
regular ring, then RGx is a von Neumann regular ring, for every x ∈ A.
Proof. Take x = y in the implication (i) ⇒ (iii) of Theorem 4.7. 
If H is a subgroup of G then the set of left cosets G/H = {σ H/σ ∈ G} with the G-action given by
τ (σ H) = τσ H , for all τ ,σ ∈ G , is a G-set. Since the stabilizer of the element σ H ∈ G/H is Gσ H =
{τ ∈ G/τσ H = σ H} = σ Hσ−1, by Corollary 4.9 we obtain the following:
L. Da˘us¸ et al. / Journal of Algebra 331 (2011) 46–57 53Corollary 4.10. Let G be a group, H a subgroup of ﬁnite index of G and R =⊕σ∈G Rσ a G-graded ring. If
R # G/H is a von Neumann regular ring, then Rσ Hσ−1 is a von Neumann regular ring, for every σ ∈ G.
Proposition 4.11. Let R be a G-graded ring and A, B two ﬁnite left G-sets. Then:
(i) If R # A and R # B are von Neumann regular rings, then R # (A unionmulti B) is a von Neumann regular ring.
(ii) If R # A or R # B is a von Neumann regular ring, then R # (A × B) is a von Neumann regular ring.
Proof. (i) By Corollary 3.2, R # (A unionmulti B)  (R # 35A) × (R # B). Since the cartesian product of two
regular rings is also a regular ring, it follows that R # (A unionmulti B) is a regular ring.
(ii) Assume ﬁrst that R # A is a von Neumann regular ring. In order to prove that R # (A × B)
is a von Neumann regular ring we use Theorem 4.7. Let (x, y), (x′, y′) ∈ A × B be arbitrary ele-
ments. Observe that G(x,y),(x′,y′) = {σ ∈ G/σ (x, y) = (x′, y′)} = Gx,x′ ∩ Gy,y′ . Consider a ∈ RG(x,y),(x′,y′) =
RGx,x′ ∩ RGy,y′ . Since R # A is a von Neumann regular ring, by Theorem 4.7 we obtain the existence
of an element b ∈ RGx′,x such that a = aba. We may write b = b′ + b′′ , with b′ ∈ RG(x′,y′),(x,y) and
b′′ ∈ RGx′,x−G(x′,y′),(x,y) . So we obtain
a = ab′a + ab′′a. (2)
On one hand
ab′a =
∑
σ ,σ ′∈G(x,y),(x′,y′)
τ∈G(x′,y′),(x,y)
aσ bτaσ ′ ∈
∑
σ ,σ ′∈G(x,y),(x′,y′)
τ∈G(x′,y′),(x,y)
Rσ Rτ Rσ ′ ⊆
∑
σ ,σ ′∈G(x,y),(x′,y′)
τ∈G(x′,y′),(x,y)
Rστσ ′ .
When σ ,σ ′ ∈ G(x,y),(x′,y′) and τ ∈ G(x′,y′),(x,y) , we have στσ ′(x, y) = στ(y′, x′) = σ(x, y) = (y′, x′)
and therefore στσ ′ ∈ G(x,y),(x′,y′) . Hence ab′a ∈ RG(x,y),(x′,y′) .
On the other hand,
ab′′a =
∑
σ ,σ ′∈G(x,y),(x′,y′)
τ∈Gx′,x−G(x′,y′),(x,y)
aσbτaσ ′ ∈
∑
σ ,σ ′∈G(x,y),(x′,y′)
τ∈Gx′,x−G(x′,y′),(x,y)
Rσ Rτ Rσ ′ ⊆
∑
σ ,σ ′∈G(x,y),(x′,y′)
τ∈Gx′,x−G(x′,y′),(x,y)
Rστσ ′ .
Consider σ ,σ ′ ∈ G(x,y),(x′,y′) and τ ∈ Gx′,x−G(x′,y′),(x,y) . Note that (στσ ′)x = x′ and thus στσ ′ ∈ Gx,x′ .
Let us suppose that στσ ′ ∈ G(x,y),(x′,y′) . Then (x′, y′) = στσ ′(x, y) = στ(x′, y′) and thus τ (x′, y′) =
σ−1(x′, y′) = (x, y). We obtain τ ∈ G(x′,y′),(x,y) , a contradiction. Hence στσ ′ ∈ Gx,x′ − G(x,y),(x′,y′) . It
follows that ab′′a ∈ RGx,x′−G(x,y),(x′,y′) .
By relation (2), because RG(x,y),(x′,y′) ∩ RGx,x′ −G(x,y),(x′,y′) = 0, we obtain ab′′a = 0 and therefore a =
ab′a. Now it follows from Theorem 4.7 that R # (A × B) is a von Neumann regular ring.
If R # B is a von Neumann regular ring, then the proof is similar. 
Theorem 4.12. Let G be a group, A a ﬁnite left G-set and R =⊕σ∈G Rσ a G-graded ring. Then the following
assertions hold:
(i) If R # A is a von Neumann regular ring, then R is Gr-regular ring.
(ii) If R is Gr-regular and A is a free G-set, then R # A is a von Neumann regular ring.
(iii) If FixG(A) is a non-empty set and R # A is a von Neumann regular ring, then R is a von Neumann regular
ring.
(iv) If G is a p-group, (|A|, p) = 1 and R # A is a von Neumann regular ring, then R is a von Neumann regular
ring.
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of the smash product. Thus, an element of R can be considered in R # A.
Let aσ ∈ Rσ be an arbitrary homogeneous element. Since R # A is a von Neumann regular ring,
then there exists an element b =∑x∈A bxpx ∈ R # A, with bx ∈ R , such that aσ I = (aσ I)b(aσ I). It
follows that
∑
x∈A
aσ px =
(∑
x∈A
aσ px
)( ∑
y∈A
τ∈G
byτ py
)(∑
z∈A
aσ pz
)
=
( ∑
x∈A
τ∈G
aσ b
τ−1x
τ px
)(∑
z∈A
aσ pz
)
=
∑
x∈A
τ∈G
aσ b
τ−1x
τ aσ pσ−1τ−1x.
Since {px/x ∈ A} is a basis of the smash product as left R-module, then there exists at least an
element x ∈ A such that aσ = aσ bσ xσ−1aσ . Hence R is a Gr-regular ring.
(ii) Since A is a free G-set, by Lemma 2.3 it follows that A G ⊎i∈I G , where I is a ﬁnite set. Using
now Corollary 3.2 we obtain
R # A  R #
(⊎
i∈I
G
)
 ×i∈I (R # G).
Thus we may replace the G-set A by the group G . In this case, when x, y ∈ G , we have Gx,y = {yx−1}
and Gy,x = {xy−1}. Since R is a Gr-regular ring, then the condition (iii) of Theorem 4.7 holds. Hence
we obtain that R # A is a von Neumann regular ring.
(iii) Consider a ∈ FixG(A). Then {a} is a left G-set and the canonical inclusion i : {a} ↪→ A is a mor-
phism of G-sets. According to Corollary 3.3, the morphism i∗ : R # A → R # {a} is surjective. Obviously,
there is a ring isomorphism R # {a}  R . Since the quotient ring of a von Neumann regular ring is also
von Neumann regular ring, we can conclude that R is a von Neumann regular ring.
(iv) Clear, by Remark 2.4 and (iii). 
Remark 4.13. In particular, if G is a ﬁnite group, A = G and G acts on itself by the multiplication of G ,
then we obtain [5, Theorem 4.4].
We consider AutG(A), the automorphisms group of the G-set A. According to [10], AutG(A) acts
on the ring R # A by
(rpx)
α = rpα−1(x)
for α ∈ AutG(A), r ∈ R and x ∈ A. If A is a left G-set, then A is also a right AutG(A)-set, with the
action given by x · α = α(x) for α ∈ AutG(A) and x ∈ A.
Theorem 4.14. Let G be a group, A a ﬁnite left G-set, R = ⊕σ∈G Rσ a G-graded ring such that
|AutG(A)|−1 ∈ R and AutG(A) acts transitively on A. Then R is a von Neumann regular ring if and only if
the smash product R # A is a von Neumann regular ring.
Proof. In [1] appears a duality theorem for G-set gradings which states: if A is a ﬁnite left G-set
and R =⊕σ∈G Rσ is a G-graded ring, then (R # A) ∗ AutG(A)  MA(R) if and only if AutG(A) acts
transitively on A. Since the skew group ring (R # A) ∗ AutG(A) is a strongly graded ring with the e-
component R # A, using [12, Corollary 2.4] it follows that R # A is a von Neumann regular ring if and
only if the matrix ring MA(R) is a von Neumann regular ring. On the other hand, a classical result
states that R is a von Neumann regular ring if and only if the matrix ring Mn(R) is a von Neumann
regular ring, where n is an arbitrary natural number. Now our assertion is obvious. 
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|AutG(A)|−1 ∈ R. Then R # A is a von Neumann regular ring if and only if R # O is a von Neumann regular
ring, where O is the set of orbits of A with respect to the right action of AutG(A) on A.
Proof. Since the group G acts transitively on the ﬁnite G-set A, according to [4, Corollary 2.9], we
have the following isomorphism
(R # A) ∗ AutG(A)  M|AutG (A)|(R # O).
Using the same arguments as in the proof of the previous theorem we obtain the required equiva-
lence. 
Let R be a ring and denote by Aut(R) the group of all automorphisms of R . Consider a ﬁnite group
G that acts as automorphisms on R , that is there exists a group morphism ψ : G −→ Aut(R). Denote
ψ(g)(r) by gr for r ∈ R , g ∈ G and write RG = {r ∈ R/ gr = r, for all g ∈ G} for the ﬁxed subring of R
under G .
For the last result of this section we need the following
Lemma 4.16. Let R be a ring and G a ﬁnite group. Assume that G acts as automorphisms on R and |G|−1 ∈ R.
If R is a von Neumann regular ring, then the ﬁxed ring RG is also a von Neumann regular ring.
Proof. Let r ∈ RG be an arbitrary element. Since R is a von Neumann regular ring, then there ex-
ists an element s ∈ R such that r = rsr. It follows that gr = gr g s gr and therefore r = r g sr, for
any g ∈ G . We obtain ∑g∈G r = r(∑g∈G gs)r. If we denote |G| = n, then nr = r(∑g∈G gs)r, and so
r = r(n−1∑g∈G gs)r. It is easy to check that n−1∑g∈G gs ∈ RG and now we can conclude that RG is
a von Neumann regular ring. 
Let G be a ﬁnite group, H a subgroup of G and let R be a G-graded ring. Consider the canon-
ical projection ϕ : G −→ G/H . According to Section 3, ϕ∗ : R # G/H −→ R # G is an injective ring
morphism. Next for any h ∈ H we deﬁne the map αh : G −→ G , αh(g) = gh. Obviously αh is an iso-
morphism of G-sets. Therefore α∗h : R # G −→ R # G , α∗h (rpg) = rpgh−1 is an automorphism of the ring
R # G . Hence
θ : H −→ Aut(R # G), θ(h) = α∗h
is a group morphism. Thus H acts as automorphisms on R # G . A direct veriﬁcation yields: (R #G)H =
Imϕ∗  R # G/H .
Theorem 4.17. Let G be a ﬁnite group, R a G-graded ring and H a subgroup of G such that |H|−1 ∈ R. If R # G
is a von Neumann regular ring, then R # G/H is von Neumann regular ring.
Proof. It follows from the isomorphism (R # G)H  R # G/H and Lemma 4.16. 
5. Regularity of the category (G, A, R)-gr
We recall that a Grothendieck category is an abelian category with generator which veriﬁes the
axiom (AB5). A family (Ui)i∈I is called a family of generators of A if for any M ∈ A and any subobject
N of M such that N 	= M (as a subobject) there exist an i ∈ I and a morphism α : Ui −→ M such
that Im(α) is not a subobject of N . An object U ∈ A is a generator if {U } is a family of generators or,
equivalently, if for any object M ∈ A there exist a set I and an epimorphism α : U (I) −→ M . An object
M ∈ A is called ﬁnitely generated if, whenever M =∑i∈I Mi for a directed family (Mi)i∈I of subobject
of M , there exists an index i ∈ I such that M = Mi . M is ﬁnitely presented if it is ﬁnitely generated and
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is said to be a locally ﬁnitely generated category if it has a family of ﬁnitely generated generators. We
refer the reader to [6] and [8] for elements of category theory.
Deﬁnition 5.1. Let A be a locally ﬁnitely generated Grothendieck category. A short exact sequence
0 K L
f
M 0
in A is pure if every ﬁnitely presented object is relatively projective for it (i.e. if F is a ﬁnitely
presented object, then for each morphism g ∈ HomA(F ,M) there is a morphism g ∈ HomA(F , L)
F
g
g
L
f
M 0
such that f ◦ g = g).
Deﬁnition 5.2. An object M of a locally ﬁnitely generated Grothendieck category A is ﬂat if every
exact sequence 0 → K → L → M → 0 in A is pure.
Proposition 5.3. Let A and B be locally ﬁnitely generated Grothendieck categories and let S : A → B be an
equivalence of categories. Then an object M of A is ﬂat if and only if S(M) is ﬂat.
Proof. Assume that M is a ﬂat object in A and consider an exact sequence
0 K L S(M) 0 (3)
in B. Since S : A → B is an equivalence of categories, then there exists a functor T : B → A such
that T ◦ S  1A and S ◦ T  1B . Since categorical equivalences “preserve exactness”, if we apply the
functor T to the exact sequence (3), then we obtain the following exact sequences
0 T (K ) T (L) T (S(M))
∼
0
0 T (K ) T (L) M 0
(4)
Using the ﬂatness of M , it follows that the sequences (4) are pure. Apply now the functor S to the
last exact sequence. We obtain the exact sequence (3). Since categorical equivalences also “preserve”
projectivity, it easy to check that the exact sequence (3) is pure. Thus the object S(M) is ﬂat.
The converse is obvious, since M  T (S(M)) and T is an equivalence of categories. 
It is well known that a ring R is von Neumann regular if and only if every left R-module is ﬂat.
This characterization was used in the paper [14] to deﬁne the regularity of a locally ﬁnitely generated
Grothendieck category:
Deﬁnition 5.4. A locally ﬁnitely generated Grothendieck category A is called regular if all objects of A
are ﬂat.
L. Da˘us¸ et al. / Journal of Algebra 331 (2011) 46–57 57Corollary 5.5. Let R =⊕σ∈G Rσ be a G-graded ring and A a ﬁnite left G-set. Then R # A is a von Neumann
regular ring if and only if (G, A, R)-gr is a regular category.
Proof. According to [10, Theorem 2.13], the categories (G, A, R)-gr and R # A-mod are isomorphic.
Using now Proposition 5.3 and Deﬁnition 5.4, our assertion is clear. 
Corollary 5.6. Let G be a ﬁnite group, H a subgroup of G and R =⊕σ∈G Rσ a strongly G-graded ring. Then
R # G/H is a von Neumann regular ring if and only if RH is a von Neumann regular ring.
Proof. Since R is a strongly G-graded ring, it follows by [10, Corollary 2.19] that the categories
R # G/H-mod and RH -mod are equivalent. Thus R # G/H is a von Neumann regular ring if and only
if RH is a von Neumann regular ring. 
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